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Abstract—Metamaterials are commonly comprised of ring
structures with negative effective permeability and wire structures with negative effective permittivity. However, the catalog of
available negative permittivity devices remains somewhat limited.
Recently, a novel unit cell comprised of two disks connected by a
metal post was presented. The analysis of the unit cell predicted
a resonant response, with negative effective permittivity above
the resonant frequency. To verify the predicted metamaterial
behavior, an experimental prototype has been fabricated and
the effective permittivity has been extracted using measured Sparameters. The experimental results for the prototype device
show the predicted resonant behavior, and the extracted parameters show a region of negative permittivity above resonance.

I. I NTRODUCTION
Although there has been considerable progress in the design
of metamaterials for a wide range of potential applications,
the development of new unit cell structures continues to
be an area of active research. [1]–[4] In this, the range
of available negative permittivity and negative permeability
structures remains somewhat limited. Furthermore, the focus
on magnetic structures by early investigators may offer some
unexplored opportunities in the development of negativepermittivity structures.
To explore such opportunities, the analysis of a negative
effective permittivity unit cell has recently been presented for
a device comprised of a central inductive post terminated by
two discs [5]. The approach is based on Ampere’s circuital
law and the Maxwell-Ampere equation in a way that naturally
describes the coupling of the electromagnetic field to the
resonant structure. The results from Ampere’s law are then
used to compute the dipole moment of the unit cell and
to derive effective permittivity using polarization [6]. This
straightforward analysis leads to a simple expression for the
negative effective permittivity of the unit cell as a function
of frequency, with resonant behavior that is similar to that of
split ring resonators [4]. Thus, the approach provides more
direct insight into the interaction of the device with the
electromagnetic field than may be offered by circuit-based
approaches [7]. The remainder of this article expands upon
the development outlined in [5] and further includes measured
and simulated results for an experimental prototype.
In the following section, the analysis of the negativepermittivity structures is reviewed. The behavior of magnetic

resonators are first outlined, to show the similarities between
the theoretical development and results for the electric resonator and magnetic resonator. Finally, simulation and experimental results are given for a prototype, with negative
permittivity demonstrated just above the 5.8 GHz resonant
frequency of the device.
II. A NALYSIS
Before reviewing the analysis of the negative permittivity
device, it is helpful to briefly review the more common split
ring resonator, since it follows a similar development. First,
the effective permeability of the split ring resonator is derived
from magnetic dipole moment and macroscopic magnetization.
Then, the effective permittivity of the electric resonator is derived from electric dipole moment and polarization. Thus, the
analysis of a split ring resonator provides a similar framework
to the analysis of the negative-permittivity metamaterials to
follow [4], [8]–[11]. As usual, the dimensions of the unit cell
are taken to be less than 10 percent of a wavelength, so that
the incident magnetic field is uniform over the unit cell.
For simplicity, consider a single split-ring resonator (SSRR)
as illustrated in Fig. 1. It is fairly straightforward to show that
the structure exhibits negative effective permeability near resonance, where the resonant frequency is set by the inductance
of the metal ring and capacitance of the gap in the ring. The
current in the ring gives rise to a magnetic dipole moment
in the SSRR of m = ir Ar , with macroscopic magnetization
M being determined as the magnetic dipole moment per unit
volume [3]–[5]:
M=

A2
s2 Cg
i r AR
= −µ0 H0 R
,
l x ly l z
l x ly l z 1 + s 2 L R C g

(1)

and where the dimensions of the unit cell comprising this
magnetic metamaterial particle are lx , ly , and lz , the split ring
has an area AR , the current in the split ring is ir , the incident
magnetic field is H0 , Cg is the capacitance of the gap, LR is
the self-inductance of the SSRR, and s is the Laplace complex
angular frequency.
Since M = χm H and µr = 1 + χm , it follows that
µr = 1 +

µ0 A2R
ω 2 Cg
,
l x ly l z 1 − ω 2 L R C g

(2)

where χm is the magnetic susceptibility, the permeability of
free space is µ◦ = 1.26 × 10−6 H/m, ω is angular frequency

Fig. 1. Illustration of an example of a single split-ring resonator (SSRR)
used to create negative effective permittivity near resonace. The area of the
metal ring is AR , with an air gap in the ring as illustrated.

in rad/s, and µr is the effective relative permeability of the
metamaterial. Commonly, this is expressed as:
µ0 A2R
ω2
µr = 1 +
,
2
L R l x ly l z ω m − ω 2

(3)

�
where ωm = 1/ LR Cg is the magnetic resonance frequency [5], [11]. The resulting expression in (3) for µr forms
the basis for such negative-permeability metamaterials, where
µr becomes a large negative value at frequencies where the
2
denominator ωm
− ω 2 is a small negative number [4].
Just as the the split ring resonator was analyzed above
for negative-permeability metamaterials, a similar analysis is
now given for the negative-permittivity metamaterials under
consideration [5]. Consider the electric disk resonator (EDR)
in Fig. 2, resembling a three-dimensional version of the Ishaped structures in [6] and [12]. The dimensions of the unit
cell comprising this electric metamaterial particle are the same
as the magnetic component of Fig. 1, lx , ly , and lz . The
metal disks at the top and bottom faces of the structure have
areas AD and are connected together by a metal post with
inductance Lp and length lp . As before, the dimensions of the
unit cell are taken to be less than 10 percent of a wavelength,
so that the incident electric field E0 is uniform over the unit
cell. As shown in Fig. 2, the current in the post that connects
the two disks is ip , and the voltage between the upper and
lower disk is vd .
Using Ampere’s circuital law, the time derivative of the
electric flux at the top face of the upper disk equals the current
in the post plus the time derivative of the electric flux at the
bottom face of the top disk [5]:
Along the same lines as the analysis of the SSRR above,
is fairly straightforward to show that the EDR of Fig. 2
exhibits negative effective permittivity near resonance, where
the resonant frequency is set by the fringe capacitance between
the two metal disks and the inductance of the metal post
connecting the two disks [5]. The current in the charge on
the two disks gives rise to an electric dipole moment in the
EDR of p = qlp ŷ, with the polarization P being determined

Fig. 2. Electric unit cell example showing example electric disk resonator
(EDR) with two brass disks connected by a cylindrical rod. The outer faces
of the two metal disks at the top and bottom of the structure have areas AD ,
and are connected together by a metal post with inductance Lp and length
lp .

as the electric dipole moment per unit volume [5]:
�
�
p
C 0 lp
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(4)

where Lp is the inductance of the metal post connecting the
two disks, E0 is the incident electric field, CF is the fringe
capacitance between the upper disk and the lower disk, C0 =
�◦ AD /(ly −lp ) is a capacitance-like parameter, the outer faces
of the two disks have area AD , v0 = E0 ly is the voltage across
the full length of the unit cell, and the permittivity of free space
is �◦ = 8.85 × 10−12 F/m.
Because P = χe �◦ E and �r = 1 + χe , it follows that
�
�
C 0 lp
1
� r = 1 + E0
,
(5)
� ◦ l x lz 1 + s 2 L p C F
(6)
where �r is the effective relative permittivity and χe is the
electric susceptibility,
In a similar fashion to the SSRR, the effective relative
permittivity can also be expressed as
�
�
C 0 lp
ωe2
� r = 1 + E0
,
(7)
�◦ lx lz ωe2 − ω 2
�
where ωe = 1/ Lp CF is the electric resonance frequency.
The resulting expression in (7) for �r forms the basis for
the proposed negative-permittivity metamaterials, where �r
becomes a large negative value at frequencies where the denoninator ωe2 − ω 2 is a small negative number. In addition, the
denominator causes a resonant narrowband response around
the center frequency ωe .
III. EDR S IMULATION AND M EASUREMENT
The EDR described in the preceding section was simulated
before measuring the response of the prototype device. The
simulated EDR had disks of radius 3.2 mm connected by a
5.5 mm long copper rod of diameter 0.15 mm (lp = 5.5 mm
and AD = 10.24 mm2 ). As shown in the HFSS simulation
results of Fig. 3, the S-parameters of the EDR in WR-187
waveguide show the predicted narrowband resonant behavior.

Fig. 3. HFSS simulation S-parameters of the EDR of Fig. 2 in WR-187
waveguide showing narrowband resonant behavior. Solid red line is S11 and
dotted blue line is S21 .

Fig. 5. Measured S-parameters of the EDR of Fig. 4 in WR-187 waveguide
showing narrowband resonant behavior. Solid red line is S11 and dotted blue
line is S21 .

The solid red curve of Fig. 3 shows |S11 | from 5.0 to 6.0
GHz for the simulation, with the expected strong resonance at
ωe = 5.8 GHz. The dotted blue curve shows |S21 |.
A prototype of the EDR of Fig. 2 was also fabricated, with
two brass disks of radius 3.2 mm connected by a 5.5 mm
long copper rod of diameter 0.15 mm (lp = 5.5 mm and
AD = 10.24 mm2 ). A photograph of the measured prototype
is gven in Fig. 4. Measured S-parameters for the prototype
of Fig. 4 are given in Fig. 5, and the results are in good
agreement with the simulation of Fig. 3. The solid red curve
shows measured |S11 | from 5.0 to 6.0 GHz for the prototype,
with the expected strong resonance at 5.8 GHz. The dotted
blue curve shows measured |S21 | for the prototype.
The real part of the effective permittivity of the prototype
EDR of Fig. 4 was extracted using the S-parameters of Fig. 5,
drawing upon common methods such outlined as [13] and [14].
Fig. 6 shows the real part of the effective permittivity Re(�r )
as the solid red curve. Note that the permittivity �r is a
large positive value below the 5.8 GHz resonance, and a large
negative value above resonance, as predicted from (6) and (7).
Finally, the simulated electric field below resonance is
shown in Fig. 7, where the top right shows the 430 V/m
incident electric field in cyan arrows pointing up, and the
lower right shows the EDR and the resulting 1500 V/m total
electric field in red arrows pointing up. The strong reversed
electric field above resonance is shown in Fig. 8, where the

top right shows the 430 V/m incident electric field in cyan
arrows pointing up, and the lower right shows the EDR and the
resulting 1500 V/m total electric field in red arrows pointing
down.

Fig. 4. Prototype electric disk resonator (EDR). The prototype EDR shown
in the upper left was fabricated with two brass disks connected by a copper
wire. A view of a disk is shown in the top right, with a 1.5×1.5 mm square
black die shown for size reference. Upper scale is in cm.

Fig. 6. Extracted permittivity for prototype electric disk resonator (EDR).
Solid red line is real part of the effective permittivity Re(�r ) . Permittivity
becomes negative above resonance frequency ωe = 5.8 GHz, as predicted in
(7), when the denomnator ωe2 − ω 2 is a small negative number.

IV. C ONCLUSION
A straightforward unit cell analysis was presented for a
device with negative effective permittivity comprised of two
metal disks connected by a metal post. The coupling of the
external field to the device was directly described through
the Ampere circuital law, and the theoretical effective permittivity was calculated through polarization. Electromagnetic
simulations of the device in HFSS confirmed the expected
resonant behavior and the expected field reversals above and
below resonance. Finally, measurement of a prototype device
demonstrated the expected resonant behavior when tested in
waveguide, with negative effective permittivity demonstrated
above the resonant frequency.

Fig. 7. Electric field simulation of EDR unit cell of Fig. 2 showing the
field above the top disk and below the bottom disk at 5.7 GHz, just below
the 5.8 GHz resonant frequency the EDR. Upper right box shows upward
arrows in cyan color indicating an incident electric field at approx. 430 V/m.
Lower right box shows EDR with red arrows indicating a upward total field
of 1500 V/m. Other surrounding fields were cropped, boundaries are radiation
boundaries. Incident wave propagation is from left to right.

Fig. 8. Electric field simulation of EDR unit cell of Fig. 2 showing the field
above the top disk and below the bottom disk at 5.9 GHz, just above the 5.8
GHz resonant frequency the EDR. Upper right box shows upward arrows in
cyan color indicating an incident electric field at approx. 430 V/m. Lower
right box shows EDR with red arrows indicating a downward total field of
1500 V/m. Other surrounding fields were cropped, boundaries are radiation
boundaries.
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